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ABSTRACT

In this paper we establish dimension free LP(R™, |z|*) norm inequalities
(1 < p < o) for the oscillation and variation of the Riesz transforms
in R™®. In doing so we find Ap-weighted norm inequalities for the oscil-
lation and the variation of the Hilbert transform in R. Some weighted
transference results are also proved.

Introduction

Throughout (X, F, ) will denote an arbitrary o-finite measure space. Let {T}
be a family of operators bounded from LP(X,F,p) into itself for some p in
the range 1 < p < oo and such that the limit T'f = lim, T’ f, for functions
f € LP(X,F,p), exists in some sense. A classical method of measuring the
speed of convergence of the family {7} is to consider “square functions” of the
type (o2, [Tr. f — Tropa fI?)1/? where r; \, 0. In the last decade and mainly
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in the context of ergodic theory (see [JKRW] and the references there), other
expressions have been considered to measure the speed of convergence.

Let T be an operator such that T = lim,\ 7T, as above for a family of
operators {T,},5o. Given {¢;}; a fixed decreasing sequence t; > t;11 \ 0 we
define the oscillation operator as

00 1/2
orn@= (3, swp  Tanf)-T.j@F) -

1= ti+1<€ip1<ei <t

We shall also consider the operator
00 1/2
OTN@ = (3, s M) -Tof@l)
i=1 ti+1 <0; <t
It is easy to see that

(0.1) O(Tf) ~ O(Tf).

We shall also consider the p-variation operator

0 1/p
VTf)(x) = swp (; T f(a) - Te.-f(ﬂv)l”>

where the sup is taken over all sequences of real numbers {e;} decreasing to
Z€ro.

In this paper we study the oscillation and variation of the Riesz transforms
R; = 8;,(—A)Y/? in R™. We shall prove the following result.

THEOREM A: Given p in therange 1 < p < oo, -1 <a <p-1,and p > 2,
there exist constants Cy, Cy,, independent of n such that

NOR; Pl Le®n jzjede) < Callfllr@n,jzjedry, F=1,...,n

and
IVo(R; H)llLo®n j2jdz) < Capllflle@n,jeledz)yy J=1,---n.

Consider the family of operators

H,f(z) = /{ L f(y)dy

le—y|>r} T =Y

in LP(R,dz). The following result is proved in {CJRW].
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THEOREM (.2: Given p in the range 1 < p < oo then

0.3) IOHHllew) £ Coll fll ey, and Wo(H ey < Coll fllowy, p > 2.

On the other hand, dimension free results for operators acting on LP(R",dx)
can be found in [S3], [AC], [P], [DR], [R].

We need three steps in order to get Theorem A. The steps, that coincide with
the sections of the paper, are as follows.

In section 1, by using (0.3) and a geometrical argument, we prove a point-
wise estimate for the sharp maximal functions of the oscillation and variation
of the Hilbert transform; see Lemma 1.4. This pointwise estimate, together
with some vector-valued Calderén-Zygmund theory, allows us to prove that
these particular oscillations and variations are bounded from L?(R, v(z)dz) into
LP(R,v(z)dz) for p in the range 1 < p < oo and v any weight in the Mucken-
houpt [Mu] class A, (see Theorem 1.5). We believe this result is of independent
interest. This method of proof follows closely some of the ideas in [RRT]. That
is, describe a (possible sublinear) operator, for which a boundedness property
is known, through a linear operator valued in a certain Banach space with an
associated kernel. The study of the smoothness of the kernel (rather non-trivial
in the present case) gives us a pointwise estimate of the sharp maximal function;
see inequality (1.3). No information about A;-boundedness is obtained in this
way; see [RRT] for more examples of this type.

In section 2 we prove a weighted transference result for positive operators
induced by flows on L?; see Theorem 2.12 and Remark 2.13. The results are
good enough for our purposes, but it is worth mentioning that they can also
be proved in the case of strongly continuous one-parameter group of positive
invertible linear operators on LP(X,F, u). The interested reader can fill in the
details; see [GT] and [MT] for some related results.

The following comment should be made before describing the content of sec-
tion 3. Assume that we have a family of operators {S,} that are bounded from
L% (p) into L, (u), where 1 < p < co and By, By are Banach spaces, and that
the limit Sf(z) = lim,~o S-f(z) exists in some sense. The definition of the
oscillation and variation operators can be generalized in the obvious way, that
is for example

e o]

1/2
0.9 0<5f>=(2 sup nss,.“f(x)—se,-fm)n%z) .

i=1 hi+r1<ein <e; <t;

An analogous definition can be given for the variation operator.
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Denote by R the £2({1,...,n})-valued operator given by
Rf(x) = (Rif(x),..., Raf(2)), R;=08,,(-0)">
It is known that

Rf(z) = Eli\r‘r(l)(Reylf(av), ..oy Re nf(2)),

where

(zj —yj)

Resf@) =cn o ptdy,

le—y|>e |$ -
with ¢, a specific constant (see (3.1)). Therefore

O(Rf)(2)

oo

1/2
=(z sup ||R€i+1f<x>—Reifu)n%z({l,...,n}))

i=1 bi1SEia<eist;

-(x, o imem,;fu) Restor) )

imq tir1SEi1<eist;

) v;) 1/272\ 1/2
= sup H C/ ———n—’ (y)dylg} ] ) :
(izzlti+lgf1+l<5i_<_ti Z " eini1<|z—yl<e; I'T - yl +

Analogous formulas can be obtained for the variation. By using the transference
result in section 2 and the weighted norm inequalities in section 1 we prove the
following Theorem, which is the main result in section 3 and the motivation of
the paper.

THEOREM B: Given p in the range 1 < p < 00,, a with -1 < a < p—1, and
p > 2, there exist constants C,Cy,, independent of n, such that

NORA) e jziodz) < CallfllLr®n |a|dz)
and
Vo (RN e (R 2] dz) < Capll FllLe® j2)od)-

Since O(R; f)(z) < O(Rf)(z) and V,(R; f)(z) < Vo, (Rf)(z) for j=1,...,n
and f € LP(R™), Theorem B contains Theorem A.
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1. One-dimensional results

We shall denote by E the mixed norm Banach space of two variable functions
h defined on R x N such that

1/2
(L1) Ihlz = (Z(Sl;plh(s,i)l)2> < .

Given a fixed decreasing sequence t; > t;41 \, 0, let J; = (¢;3+1,¢;] and define the

operator U(T): f — U(T)f, where U(T)f(z) is the E-valued function given
by
U(T)f(x) = {Tt;+1 f(LIJ) - Tsf(x)}seJ.‘,iEN—

Here the expression {7}, f(x) — Tsf(x)}seJ; ien is a convenient abbreviation
for the element of E given by

(8,4) — (Teoy. f(@) = T f(2))x . (8),
and {T}}r>0 is a family of operators defined on LP(R) for some p. Then
O'(Tf)z) = {Ttys (@) = Ts (@) }seusienlle = NU(T) f (@) -

Therefore we will have inequalities of the type ||O'(Tf)||r» < C||fllz» if and
only if the operator U(T) defined above maps L? boundedly into L%,.

Let ©@ = {§: 8 ={e;},ei € Re; \y 0}. We consider the set Nx © and denote
by F, the mixed norm space of two variables functions g(¢, §) such that

1/p
lallz, = sup (}: lg(i,ﬁ)l") < 00.
i
We also consider the F,-valued operator V(T'): f — V(T')f on LP(R) given by

(1'2) V(T)f(fﬂ) = {TE;'+1 f(‘T) - Teif(w)}ﬁee,ﬂ={6.'}'

Here the expression {T, ., f(z) — T¢, f(7)}seo,8={¢;} 18 an abbreviation for the
element of F, given by

(7'7:8) = (7’7 {gk}) S T6i+1f($) - TE,f(x)
As in the case of the oscillation operator it is clear that
Vo(TF) =IV(D)fll7,,

and therefore we will have inequalities of the type ||V,(T f)l|z» < C||fl]L» if and
only if the operator V(T') defined in (1.2) maps L? boundedly into L%p.
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By the comments above inequality (0.3) is equivalent to saying that for p in
the range 1 < p < oo the operators

U(H)f(ﬁ?) = {Hi:-ﬂf(x) - Hsf(z)}SGfi ,1EN
1
= d
{ /{ti+1<|z—y|<s} T = yf(y) y}SEJi,iEN

map LP(R) into L% (R), and the operator

V(H)f(z) = {H5i+1 f(z) - He,-f(w)}ﬁee,ﬂ={e.'}

1
= { / f(y)dy}
{eiv1<lz-yl<e} T Y Be0,p={ei}

maps L?(R) into LY (R).

Our aim is to prove that U(H) maps L?(v) into L% (v) and that V(H) maps
L?(v) into L’}p (v), for p in the range 1 < p < oo and v a weight in the A,
class of Muckenhoupt. It is well known (see [RRT]) that in order to prove such
weighted inequalities it is enough to prove that for every r > 1 there exists a
constant C, such that

(1.3) UH) @) < CMef(z), (V(H))Hz) < Cr M. f(2).

Recall that, if B is a Banach space and ¢ is a B-valued function,
1
x) = su — z2)dz||pdy and
oh( xer;l[l/lltp III/w() llpdy

1/r
Mo(z) = (sup m/llcp Ilsdy> :

It is also well known (see [RRT]) that, in order to prove pointwise inequalities
such as (1.3), it is encugh to prove the following lemma.

LEMMA 1.4: For eachr > 1 and p > 2 there exist constants C,, Cy, such that,
for every interval I = (zo — 1, zq + 1), the following inequalities are true:

|—;—|/1HU(H)f(I) — U(H)(fxar<)(o)||ede < C; M, f(zo) and

1
o [ IV £) = VD e ao)l do < Cry M S(20),
where 41¢ denotes the complementary set of the interval 41 = (zo — 4l, o + 41).

Proof: We shall only prove the inequality for the operator U(H); a similar
proof can be given for the operator V(H).
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Fix f and an interval I = (zo — ,2, + ). Define f1(y) = f(y)xas(y) and
foy) = f(y) — fi{y). Since the operator U(H) is linear, by using Holder’s
inequality and (0.3), we have

i WD @) - V) Fxsre)o)llsda
=7 [ I )@ + VE(f)@) - V) o)l sde
<(7 IIU(H)(fl)(w)IIde)l/r
+ (g5 106 @) - UG o) )
< [ Ifl(m)lrdw>1/r+ (7 [ W0 (@ - UE ) Eolede
=cr(i lf(a:de)l/T + (ﬁ [wanee - U(H)(fz)(xo)HEdw)

II| 4]
<C\ M, f(zo) + (ﬁ [ - U(H)(fa)(wo)llde).

Now we shall dominate the second summand. Let x € I; we have

IUH)(f2)(z) = U(H)(f2) (o)l

1
= FW)xare(y)dy
H /{\ti+1<lz—y,<$} Ty

_/{ : f(y)Xuc(y)dy}

tiv1<|zo—y|<s} To—Y s€J;,ieNllE
1 1
|/ (- )y}
{t¢+1<|z—y]<s} r—y To—Y scJ;ieNIE
+ ”{/(X{ti+1<|x—y|<s}’"X{ti+1<|zo—y|<s}) f(y)XU“ (y)dy}
R To—Y seJi,ieNl E

=A; + As.

Since [[{X{tiy1<|e—yl<s}}seiienllE < 1, by using Minkowsky’s inequality we
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have
AL ocsienlls]| —
1> R X{tis1<|z~y|<s} Fs€Jii€N||E Ty Zo—y

(y)dy

| f ()| xare (y)dy

<C/w @) ar )y

ch/ Jo = 2ol ¢y 1ay

r—p Y {2k 4l<|zo—y| <2k +141} ly — zol?
<CY. e | F@)ldy
kz:%(z’”‘UP {|m0-y|<2k+14z}| |

< CM f(20),

where M f is the Hardy-Littlewood maximal function of f.
Now we shall deal with A;. The integral

/lX{t.+1<|x yl<s} — X{tit1<|z0o— y|<s}|| [|f( )|X4I ( )

will only be non-zero if either x(¢;,, <jz—y|<s} = 1 and X{t,,, <|zo—y|<s} = 0 OF
viceversa. That means the integral will only be non-zero in the following cases:
(i) tig1 < |z —y| < s and |zo — y| < tit1,

(il) ti1 < |z —y| <sand|zg —y| > s,

(iil) ti41 < |xo —y| < s and |z —y| < tig1,

(iv) tit1 <|zo —y| < sand |z —y| > s.
In the first case we observe that, as |z —xo| < I, we have t;41 < |z—y| < |z—zo|+
[o—y| < I+%;11. Analogously, in the third case we have t;11 < |zg—y| < I+ti41.
In the second case we have s < |29 —y| < |To—z|+|z—y| < I+s and analogously
in the fourth we have s < |z —y| < I+ s. Therefore we have

/lX{t,+1<|x yl<s} = X{tiy1<|zo— y|<s}|| ||f Y)|xar<(y)dy
/X{t,+1<|x <t ) Xt <la—yl <o) T ! lf(y Ixar<(y)dy
/X{s<|zo yl<s+ I X {tip1 <]z~ y|<s}| L llf(y |X41 (y)dy

/X{mquo <t X s <leo—vi<e} oy . llf(y)|X41 <(y)dy

1
| X(o<lemyl<ot Xt <loo=1<s) [ ||f Y)|xar< (y)dy
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1 yr o,
<C ( / X{ti+1<lf—yl<S}—__Flf(y)lTXUC(!/)dy) i
R |zo =y

1 1/r ,
+ C // i1 <|zo— sy - T, © d ) ll/r ’
( | Xt <izo—vl<s) T _y|T|f(y)| xa1e(y)dy

where in the last inequality we have used Holder’s inequality with r in the range
1 < r < oo. Returning to our estimation of A,, we have

A :”{ /IR IX{tig1<lo—sl<s} = X{tiri<lzo-vl<s}]

X |701??/—1If(y)bcuc(y)dy}

s€JiieNILE

! 1/r
3 ) _ s [ T c d
{(/R.X{zqu < Hag —ylrlf(y)l xare(y) y) }seJi,iEN E

, 1
1/r —_—
+Cl / I|{(/IR X{tiy1<|zo—y|<s} |a:0 —y|

SCll/TI

V)" xare(@)dy)Y " Yoe s ienllE
=Ag + Ags.

Choosing 1 < r < 2 we have

1/r
H{< Xt <le=sl<sh =g yv'f( 'X‘“C(?’)dy> }JN ;

1 2/r\ 1/2
(ZS“P ( / X{t,-+1<1x—y|<s}mlf(y)ITX4zc(y)dy> )

s€J;

1 2/r\ 1/2
( X{t,+1<|z y|<t}|x———lf(y)lr><uc(y)dy> )

yl”

1/r
Z/X{t,+1<|z V<) oy yl’ L) xare(v) dy)

ieN

Z X{tiy1<le—y|<t:}
R jeN

(%
<(
(/
(/ |x yl,,|f<y>rm<y)dy)l/r
(2]
(%

1/r
Bo—iy_lr‘f(y)lrxguc (y)dy>

IN

IA

NPT )I/T

W) "

=2 J {2k ai<|mo—y| <2t 14ty [To = yl’"

IA

0(2’“4l)r {lzo—y<2*+141}



134 T. A. GILLESPIE AND J. L. TORREA Isr. J. Math.

scr(g WM(#)%))W
<Cp(M(f7)(@o))/TI7H™,
Therefore we get Ay; < C{M(f7)(20))"/". Analogously we get
Az < Co(M(f7) (o))"

and this is the end of the proof of the Lemma. n

As remarked earlier, the preceding lemma gives the inequality (1.3) and there-
fore as a consequence we have the following Theorem.

THEOREM 1.5: The operators O(H) and V,(H), p > 2 map LP(R, v) boundedly
into itself for 1 < p < oo and v a weight in the A, class of Muckenhoupt.

2. Weighted transference

Given a o-finite measure space (X, F, ), an endomorphism of the o-algebra F
modulo null sets is a set function ®: 7 — F which satisfies
i) e, Er) =U, ®(Ey), for disjoint E, € F,n=1,2,..;
(i) ®(X \ E) =®(X)\ ®(E), for all E € F;
(iii) given E € F, with u(F) =0, then u(®E) =0.
In these circumstances, ® induces a unique positive and multiplicative
linear operator, also denoted by ®, on the space of (finite-valued or extended)
measurable functions such that

(2.1) ®(f,) = ®(f)u-a.e. whenever 0 < f, = f, p-ae.

The action of ® on simple functions is given by
‘I’(Z cixe)(z) = ZQ’X@(E,—)(?U)» c €C
i i

Given a Banach space B, ® has an extension to the simple B-valued functions,
also denoted by ®, given by

‘I’(Z XE:bi) = ZX@(Ei)bi (bi € B,E; € F).
It is clear that, for f: X — B a simple function,

(2.2) 2(H)(@)lls = &({Iflls)(z) (z€ X).
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In other words, if ® induces an operator T bounded in LP(u), then T has a
bounded extension, also denoted by T, from L%(u) into L%(u) for any Banach
space B. The action of T on LP(u) @ B is defined as

(2.3) T(Z%bi) = Y T(h, b€ BLpi€ D)

The norm of T on L% (p) equals the norm of T on LP(p).

STANDING HYPOTHESES 2.4: Throughout, we take (X,F,u) to be a o-finite
measure space and T = {T* : t € R} a strongly continuous one-parameter group
of positive invertible linear operators on L? = LP(X, F, u), for some fixed p in
the range 1 < p < oo, such that for each t € R, there exists a o-endomorphism,
', with T'f = ®'f. In this case we shall say that T satisfies SH,,.

From the group structure of 7, it follows that for each ¢ € R, there exists a
positive function J; such that

(25) Jt-l-s = Jt@th and / th)tfdﬂ = / fdu, t, s€R
X X

Using the properties of Bochner integration we have

(2.6) T‘( /K Tsfds) = /K THTf)ds, teR

for all f € LP(p) and all compact subsets K of R.

Definition 2.7: Let (X, F, u), T and fixed p in the range 1 < p < oo be as in the
SH, 2.4, and let w be a measurable function on X such that w(z) > 0, y-almost
everywhere. We shall say that w is an Ergodic Aj-weight with respect to the
group T if, for p-almost all z € X, the function t — Jy(z)®'(w)(z) is an 4,
weight with an A,-constant independent of z, where J; and ®° are as in (2.5).

We shall denote by E,(T) the class of ergodic A,-weights associated with the
group 7. Given a weight w and a family 7 satisfying SH,, 2.4, we shall use the
following notation:

(2.8) Twy(t) = Jo(2) @ (w)(2).

Definition 2.9: Any z-independent Ap-constant for the family of weights {7w; }
will be referred to as an E,(7)-constant for w.

In [GT] we develop a weighted ergodic theory; one of the results obtained
there is the following.
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THEOREM 2.10: Let T be a family of operators satisfying SH, 2.4 for every
p in the range 1 < p < 0o. Assume that K is a sublinear operator such that
1K fllzeo(wdn) < CullfllLro(wan) for every w € Ep (T), where pq is fixed in the
range 1 < p < oo and the constant C,, only depends on an E,,(T)-constant for
w. Then K is bounded from LP(wdy) into LP(wdy) for every p,1 < p < o0, and
every w € Ey(T).

Definition 2.11: Given Banach spaces By, B, and a function

ke Llloc,[.(Bl,Bz)(]R))

we shall say that & is a “bounded oscillation kernel” if there exists an operator
K with the following properties.

(i) K maps L (R,v) into L% (R,v), for every v € A,.

(ii) If ¢ € LF (R) and has compact support, then

Ko(t) = /Rk(t — 8)p(s)ds, t ¢ support of p.

(iii) Given {t;}; any deceasing sequence ¢; > t,41 N\ 0, the oscillation operator

oo

1/2
O(Kw)(:t):(z sup ||KE,,E.-+lso<x>n232)

i1 tit15€ip1<ei<t

is bounded from L% (R,v) into LP(R,v), for all p in the range 1 < p < 00
and each v € 4, where

Keep(t) = / k(t —s)p(s)ds, 0<e<e.
{s:e<|t—s|<e’}

Moreover, the operator norm depends only on any A, constant of v.

Now we state the main theorem in this section. Recall that T has a natural
extension to L (X,du), also denoted by T* (see (2.3)).

THEOREM 2.12: Let p be in the range 1 < p < oo and let T be a family of
operators satisfying SH,, 2.4. Let By, By be Banach spaces and k a “bounded
oscillation kernel” as in Definition 2.11. Given a decreasing sequencet; > ti+1 N\

0, we consider finite sets L C N and J; C (ti+1,t;]. We define the operator (’);}‘7

on Ly (X,u) by
2\ 1/2
BQ) .

Of("j‘f(:c) = (Z max

s gi.£ir1€T;

/ k(s)T° f(x)ds
{eit1<]sl<e:}
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Then

wp  0RT Fllisry < No( O TNl
{L,Ji:L,T; finite} .

for every w € Ep(T). Here N,(O(K), Tw) denotes an essential bound relative
to x of the operator-norm of O(K) as a bounded operator from LY (R, T wz)
into LP(R, T w, ), where Tw;(t) is defined in (2.8).

We observe that as w € E,(T) then Tw(.) € A, with an A, constant
independent of z, so that such essential bounds exist.

Proof: Given f € L'y (X, 1), define

Keof = k(s)T~* fds.
{e<|s|<e’}

Observe that since k is integrable on {¢ < |t| < ¢’} and t — T*f is strongly
continuous, the operator K, . is well defined for f € LP(du) via Bochner in-
tegration. Then, given a decreasing sequence ¢; > ¢;11 \, 0, and finite subsets
L ¢ Nand J; C (ti+1,t;] we have to show that

/X K errne F(@) it esnceser (@) ds(z)
< N,(O(K), Tw) /X 1 ()15, (@) du(e),

where E is the Banach space defined in (1.1). By using identities (2.5) and (2.2)
we have

[ e £ @) sl duto)
=/XJt(w)‘V(Il{Ks,-H,e,-f(x)}HE)”(fv)@t(w)(a?)du(w)
= [ @M Ko NN ) 0)(0)
Let H C R be a compact set such that
H D {t:ei41 < |t| <ej, for some i € L and some ;,,41 € J;}.
Let 4 > 0 and choose a relatively compact open set V' C R such that

[V —H|/IV| <1+,
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where |H| is Lebesgue measure of H and V - H = {t—s:t € V,s € H}.
Averaging over V, using Fubini’s Theorem, the properties of the family 7, the
fact that O(K) is bounded in LP(R,v) for v € A, and the definition of E,(T)
weights, we have

[ e S sl

o [ B Eer e DS ) @)

-[ L 20:¢ P gt

= [ 57 | HE B M ) o))

= / o / {TH(Keipr e /) @) M5 Je(2) @ (w) () dtdp(z)
x VI Jv

Y e
_/X |V| /V”{/{S:Ei+1<|s|<si} k(S)T f(x)d }”EJt(x)(I) ( )(l‘)dtdu(x)

- | — k()T * f(x P
—/X Vi /V |I{/{836i+1<lsl<6i} xv-a(t = s)k(s) T f(z)ds}Hl
x Ji(z)®! (w)(z)dtdu(z)

< /X |17| / Ok(xv —u (YT £(@))(£)7 Ji(2)8" () (2)dtdp(z)
< [ M), Top s [ Iv-n T @I, Ji0)8 @) dtdu(o)
=NyOE), Tl 7 [ (xv-nt) [ @11V ()l

Ny O(R). Ty T [ 7@, w(e)duta)

<NO(K), TwP (1 +8) [ (@), w(a)dn(a)
Now let § — 0 to obtain the required result. N

Remark 2.13:  One can define analogously the concept of “bounded p-variation
kernel” by changing (iii) in Definition 2.11 to

(iii)" The p-variation operator
© 1/p
Vo) = sop ( L MKeenel@l)
&5 i=1

where the supremum is taken over all decreasing sequences {e;} with
lime; = 0, is bounded from L%l (R,v) into LP(R,v), for all p in the range
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1 < p < oo and each v € Ap. Moreover, the operator norm depends only
on any A, constant of v.

Then the following result, analogous to Theorem 2.12, can be proved.

Let 1 < p < oo and let T be a family of operators satisfying SH, 2.4. Let
B, By, be Banach spaces and k a “bounded p-variation kernel”, with p > 2.
Let £ be a finite set of decreasing sequences {¢;} with lime; = 0. We define the

operator V5, on LY (X, ) by
o N\ 1/e
)

l/ k(s)T~°f(z)ds
{eit1<]sl<es}
sup ||VL,Kf”L1’(X,w) S NP(VP(KLTUJ)HI‘”L% (X,w)»
{L:Lfinite} !

VES(@) = ma,

- {e:}el

Then

for every w € Ep(T). Here N,(V,(K),Tw) denotes an essential bound relative
to z of the operator-norm of V,(K) as a bounded operator from L% (R, T wy)
into LP(R, T w;), where Tw,(¢) is defined in (2.8).

3. Applications to dimension free estimates

The operators R; = 0 (—A)‘% are defined, for functions whose Fourier trans-

forms have compact support, by the formula

(8o, (=) "% £Y(€) = 2mi&; €] £(€);

see [S1]. Since A is the infinitesimal generator of the Gauss semigroup, the
operator (—A)_% can also be defined, in terms of the semigroup, as

1 1 o0 1dt
—-AY"z = / etAtE—;
i eyl S

see [S2]. Therefore, by using the duality in L?(R™), the kernels associated in
the sense of 2.11 with the operators R; = 0; j(—A)‘%, as defined above, can

be computed. In fact, if f is a smooth compactly supported function, for all
outside the support of f we have

_, L |z —yf? ydt

_ r(2H) / (zj —yj)
wp—1T(E)T(5) Jre o =yt

f(y)dy,
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where wy,_1 = 27™/2 /T(2) is the surface area of the unit sphere in R".

Before coming to the proof of Theorem B, we need some preliminary work to
set the stage. Then we apply the ergodic A, theory developed in section 2. We
shall use some ideas in [DR], [AC] and [P].

Let k be a “bounded oscillation kernel” with corresponding operator K (see
Definition 2.11). We consider the unit sphere £, _; of R” endowed with the
rotationally invariant measure do normalized so that fEn-l do = 1. Given a
fixed y’ € £,_1 we consider the one parameter group of operators Ty = {@;, e
where

L (f)z)=flz+ty), zeR'teR

Clearly ||®%, (f)llLr®n) = || fllLrmn). Therefore, if we define

(32) I\’Eyel’yl :/ k(s)Q;st,
{e<sl<e’}
then, by Theorem 2.12, we have

(33) “{K«‘:‘i+1,6i,y'f}iEL;€i+1,Ei€Ji“L%(R",w) < NP(O(I{)’E’w)”f“LP(]R“,w)

for all finite sets L C N and 7; C (;41,ti], and every w € E,(T,), where
1<p<oo.

Let P be the projection of the space L?(do) into the subspace H of L?(do)
generated by the functions y1,...,y).

LEMMA 3.4: With the notations in (3.2), we have
P(K.o.f ZR”, (2)Y;(y"), f€ L™,

where

1 z|) -k z
K i) = / k(lz]) k (1 |z l) z)Yj(—)dz,
Wn-1 J{zeRmie<|z|<e'} |2 |2]
i=1....n

and {Y;}}_, are the functions Y;(y') = n1/2y; fory' € £,_;.

Proof: As P is a projection and Yi,...,Y, are orthonormal in L?(2,_;,do),

P(K. o, f@)(y) =Y ¢(@)Y;(y)

we have
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where

= [ Ko @Yoty

By using polar coordinates and the fact that the Y;’s are odd functions, we have
that for f € L™,

o= [ HOE @)

- / / k(t)f(z — )Y, (o (y'dt
{teRe<|t|<e} V3O

n—1

/ / (DX qrereeciti<en F( — ty)Y5 (0 do(y')dt
/ / X{teR €<|t|<6'}f(x +ty )Y (y')do(y ")dt

- / (k(t) — k(=) X qreweecicer / f(o - )Y, (' )oYt
0 3

n—1

= /O (k(t) — k(=) X{tere<t<er} /2 I(Z—n__ltlly}(yl)tn_lda(y')dt

n—1

_ 1 / (k(|z|) — k(—|2|))x{z ER" e < |Z| < 6I}f(aj —z)Y] (é)dz.

W1 |z|n—1

THEOREM 3.5: Let k be a “bounded oscillation kernel” on R as in 2.11. Let
1 < p < oo; assume that w is a weight in R™ such that the function t — @;,w(x)
is a weight in A,(R) with an A,-constant independent of y' and x. Then there
exists a constant C(w) such that

n 1/2
oo [{(Ewter)”)
j=1 i€Lieit1,6:€T:

for all finite sets L C N and J; C (ti41,t:]. Moreover, the constant C can be
taken to be an upper bound for the norm of operators of the form O(K): LP(R, v)
- LP(R,v), where v(t) = ®,w(x) for some y’ and z.

< CIfllr®nw)

L% (R™w)

Proof: We observe that by using Theorem 2.10 it is enough to prove inequality
(3.6) for some p,1 < p < co. We shall prove it for p = 2. In fact, by using
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orthogonality and the representation formula for P in Lemma 3.4 we have

n , 1/2
{(Timerr) )
=1 i€Ligiy1,6:€Ti ILL(R™w)
n
W[ 1K)t}
Tt j=1 1€Ljei4+1,6:€T;

= {( /E . |P(K€,.+1,e.-,.f(‘))(y)l%lrr(y’))l/z}ieL;EiMiE 7

{( [ Ve (-)) |2da(y'>>1/2}
Yro1 1€Le;41,6:€T;

< ( [ e FObetemecal
n—1

L% (R™w)

LZ(R™w)

IN

LE(R™w)

1/2
LzEmn,mzda(y'))

1/2
< ( /E NZ(O(K),7;fw>2||fn%z(w,w)da(y'>)

< CW)Ifllz2®nw))s

where in the penultimate inequality we have used (3.3). |

COROLLARY 3.7: Let 1 <p< oo and let —1 < a < p—1. Let k be a bounded
oscillation kernel on R as in 2.11 and consider the operators Kg,e' defined in
Lemma 3.4. Then there exists a constant Cy , such that

o n , p/2
/ (Z Sup ( |Kgi+1,e.-f(x)|2>) |:l:i°‘dx
R \ ;77 tit1<eit1<ei <t; =

(3.8)
<Cap " |f (@)|?|z|*dz,

for each sequence {¢;}; such that t; > t;11 (0.

Proof: 1In order to apply Theorem 3.5, it will be enough to show that, given
z € R* and y' € £,_1, the function t — |z + ty'|* is an A,-weight on R,
with an Ap-constant independent of z and y'. Fix 2 € R*,y' € £,_; and
decompose r as x = x1 + 1oy, with 2y Ly'. Then, as |[y’| = 1, we have [z +ty'| =
(Jz1]? + |to + t|2)2/2 ~ |z1| + |to + t|. Therefore |z + ty'|* ~ |z1]* + [to + t]*.
Hence if M is the Hardy-Littlewood maximal operator and we denote by ¢,
the translate function :(t) = (¢t — s}, by using the translation properties of
Lebesgue measure and the fact that [¢t|* is a Ap-weight, we have

/ M) P (|22 | +o + %)t
R
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= [ 1Mol e+ [ 1ot + doat
=" [ |pPa+ [ (Mo OPled
<[nl"C, [ leOPdt-+ A0 [ low@P1oat
< (Coo+ A0 [ Pl + to + ¢

It follows that |x1|* + |t + t|*, and hence |z + ty'|?, is an A,-weight with an
Ap-constant on R independent of = and y'. |

Proof of Theorem B: We only give the proof in the case of the oscillation
operator; we leave to the reader the details for the variation operator.

Throughout this proof we shall denote by A; the kernels of the operators
R; = 8,,(=A)"'/2. We consider the Hilbert transform on R given by the
kernel k(t) = t~1. Therefore, by using Lemma 3.4 we have

: on1/? 1 2
K] . f(x) = / — f(z - 2)—Ldz,
Wn-1 J{zeRme<|z|<e'} |2 Iz|
and so K7 f(z) = —kndjee * f(z), where 5, = nl/2D(3)0(3)/20(2f2).

Stirling’s formula gives |k,| ~ C and therefore the theorem follows from
Corollary 3.7. ]
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